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We study a heavy-heavy-light three-body system confined to one space dimension provided the
binding energy of an excited state in the heavy-light subsystems approaches zero. The associated
two-body resonance is characterized by (i) the structure of the weakly bound excited heavy-light
state and (ii) the presence of deeply bound heavy-light states. The consequences of these aspects for
the behavior of the three-body system are analyzed. We find strong indication for universal behavior
of both three-body binding energies and wave functions close to different excited-state resonances
in the heavy-light subsystems.
I. INTRODUCTION
Already relatively simple few-body systems, like a con-
figuration of three pairwise interacting identical bosons
in three dimensions, display rich features as the Efimov
effect [1, 2]. This is the emergence of an infinite series
of universal three-body bound states provided the pair-
interaction is on s-wave resonance. Here, universality
means that the three-body states are independent of the
details of the two-body interaction [3, 4]. The Efimov
effect can be enhanced by considering a two-component
three-body system with a large mass ratio between the
two species [5–7]. The existence of these Efimov states
is strongly restricted to particular values of the total an-
gular momentum [8, 9], the dimension of space [10–12],
and the symmetry of the underlying two-body resonance
[13–15], including combinations thereof. Changing any of
these properties of the system may prohibit the Efimov
effect, however there can still be universal three-body
bound states [9, 11, 14, 16].
Recently, we have proven universality [17] in a heavy-
heavy-light three-body system, which is confined to one
dimension. The universality requires the heavy-light in-
teractions to be tuned towards the ground-state reso-
nance, that is the binding energy of the ground state
approaches zero. Indeed, in this limit the three-body
binding energies and wave functions for arbitrary short-
range two-body interactions converge to the respective
ones found for the zero-range interaction.
In this article we study the universality of the same
three-body system provided the heavy-light interactions
are tuned towards an excited-state resonance. Chang-
ing the resonance to one of an excited state implies (i)
a different structure of the corresponding weakly bound
heavy-light state and (ii) the presence of deeply bound
heavy-light states. Both aspects cannot be modeled by a
zero-range two-body interaction. We analyze such three-
body systems by solving the Faddeev equations for the
three-body system numerically for different finite-range
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potentials. We find universality in the three-body bind-
ing energies and wave functions for two excited-state
resonances. However, our results clearly show that the
universal behavior in these systems not always coincides
with the one obtained for the ground-state resonance.
Our studies support the increasing interest in few and
many-body systems confined to low dimensions. Already
many decades ago, the Tonks-Girardeau gas [18, 19] and
the Lieb-Liniger model [20, 21] have been considered,
which are based on the zero-range contact interaction.
Three-body systems in 1D have recently [22–24] attracted
increasing attention. In particular, studies on the in-
clusion of three-body interactions [25–27], on three-body
systems of two different species [17, 28], and on the accu-
racy of adiabatic methods [17, 29] have been performed.
Not only theoretical studies, but also experimental
measurements of few-body effects in low dimensions are
nowadays feasible. For this purpose, ultracold gases are
confined via anisotropic traps leading to cigar- or tube-
shaped configurations [30, 31]. Moreover, the strength
of interactions in ultracold gases can be tuned over
the scope of many orders of magnitude with the help
of Feshbach-resonances [32] or so-called confinement-
induced resonances [33, 34]. Experimental observations
of few-body effects have been brought to an entire new
level of detail by manipulating ultracold atoms on the
single-atom scale [35, 36] ensuring pure few-body effects.
Most theoretical studies [17, 26–29, 37] of three-body
systems confined along two directions are based on 1D
models. This reduction of complexity offers the advan-
tage of a simple and intuitive description revealing the
underlying three-body properties. However, it is impor-
tant to keep in mind that experiments employing these
confined systems are always performed in quasi-1D.
Our article is organized as follows. In section II we
introduce the class of three-body systems which is at the
center of our study and precisely formulate our goals. We
present then in section III the corresponding energies and
wave functions of three-body bound states in the system.
In particular, we analyze the universal behavior of these
quantities close to different resonances of the two-body
























deeply bound two-body states on the universal behav-
ior of the three-body system. Finally, we conclude by
summarizing our results and by presenting an outlook in
section V. In order to keep our article self-contained, but
focused on the central ideas we collect in Appendix A the
methods used to solve the three-body system.
II. THE THREE-BODY SYSTEM
In this section we first introduce a one-dimensional
two-body system governed by a pair interaction. Next,
by adding a third particle we arrive at the class of three-
body systems which is at the focus of this article. We
then present characteristic quantities of the three-body
system which are central to our subsequent studies. Fi-
nally, we describe the analytical and numerical methods
employed for the determination of the three-body bind-
ing energies and wave functions.
A. Two interacting particles
We consider a two-body system consisting of a heavy
particle of mass M and a light one of mass m, both con-
strained to 1D and interacting via a potential of finite
range ξ0. We define the mass ratio α ≡M/m of the two
particles in the heavy-light system.
After eliminating the heavy-light center-of-mass co-








ψ(2) = E(2)ψ(2) (1)
for the two-body wave function ψ(2) = ψ(2)(ξ) of the
relative motion presented in dimensionless units. Here, ξ
denotes the relative coordinate of the light particle with
respect to the heavy one in units of the characteristic
length ξ0.
The two-body binding energy E(2) and the potential
v (ξ) = v0f(ξ) (2)
are both given in units of ~2/µξ20 with the Planck con-
stant ~ and the reduced mass µ ≡ M/(1 + α) of the
heavy-light system. Here, v0 denotes the magnitude and
f the shape of the interaction potential.
We assume an attractive interaction, v0 < 0 with
f(ξ) ≥ 0, as well as a symmetric shape f , that is
f(ξ) = f(|ξ|). Moreover, we choose v such that it de-
scribes a short-range interaction, i.e. |ξ|2 f(|ξ|) → 0 as
|ξ| → ∞.
In particular, we perform the analysis in this article for
different two-body interactions of finite-range, namely a





of the cube of a Lorentzian, and one with the shape
fG(ξ) ≡ exp(−ξ2) (4)
of a Gaussian decaying exponentially.
In contrast to the zero-range interaction of shape
fδ(ξ) ≡ δ(ξ), (5)
the finite-range potentials whose shapes are determined
by Eqs. (3) and (4) can support more than a single bound
state, depending on the magnitude v0.
We label the two-body wave function ψ
(2)
r and the
binding energy E(2)r as solutions of Eq. (1) by the in-
dex r, where r = 0, 1, 2, . . . denotes the number of nodes
of ψ
(2)
r . Even values of r indicate symmetric two-body
wave functions, whereas odd values indicate antisymmet-
ric ones, that is ψ
(2)
r (−ξ) = (−1)rψ(2)r (ξ).
B. Three interacting particles
We now add a third particle to the two-body system,
also constrained to 1D and identical to the other heavy
particle of mass M . We assume the same interaction
between each heavy and the light particle as introduced
in section II A, but no interaction between the two heavy
ones. The resulting three-body system is depicted in Fig.
1. Here, y23 denotes the relative coordinate between the
two heavy particles (called here particles 2 and 3) and
x1 the relative coordinate of the light particle (particle
1) with respect to the center of mass C of the two heavy
ones, both in units of the characteristic length ξ0.
x1
y23
FIG. 1. Jacobi-coordinates x1 and y23 for the three-body
system consisting of one light particle of mass m (blue) and
two heavy ones of mass M (red), all confined to 1D. Here, C
denotes the center of mass of the two heavy particles.
Eliminating the center-of-mass motion of this heavy-
























for the three-body wave function ψ = ψ(y23, x1) of the
two relative motions in coordinate representation. The
coefficients αx ≡ (1 + 2α)/[2(1 + α)] and αy ≡ 2/(1 + α)
depend only on the mass ratio α, and E is the dimension-
less three-body energy in units of ~2/µξ20 .
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C. Formulation of the problem
In this article we obtain the energies and wave func-
tions of bound states in the three-body system, provided
the heavy-light subsystems have a weakly bound excited
state, that is E(2)r → 0− for r = 1, 2, .... We are mainly
interested if there exist three-body quantities that show
universal behavior. In the following we distinguish be-
tween two form of universality:
(i) weak universality : The particular three-body quan-
tity under consideration shows interaction-independent
behavior when a single two-body resonance is ap-
proached.
(ii) strong universality : The universal behavior of this
quantity is identical across all two-body resonances.
In Ref. [17] we have already studied the situation when
the heavy-light system is tuned to the ground-state reso-
nance (r = 0). There we have found weak universality in
terms of both, energies and corresponding wave functions
of three-body bound states for E(2)0 → 0−. In this limit
we have proven that for arbitrary short-range heavy-light
interactions, the three-body energies and wave functions
converge to the respective ones induced by a heavy-light
contact interaction of shape fδ, Eq. (5).
The difference between the ground- and an excited-
state resonance are as follows. Tuning the heavy-light
subsystems to an excited-state resonance immediately
implies (i) a different number r of nodes and therefore
a possibly different symmetry of the corresponding res-
onant two-body bound state, and (ii) the existence of
deeply bound two-body states, whose binding energy is
not approaching zero.
We analyze the effect of both features on the universal
behavior of energies and wave functions of three-body
bound states close to an excited-state resonance in the
heavy-light subsystems. We emphasize that these three-
body bound states are embedded in the continuum that
is associated to deeply bound heavy-light states together
with an unbound heavy particle. There exist additional
deeply bound three-body states that are associated to
the deeply bound two-body states. Since the correspond-
ing deeply bound three-body states keep a finite size
when the excited-state resonance is approached, we ex-
pect them to be sensitive to the details of the interaction.
For this reason they do not show universal behavior and
we refrain from analyzing them in this article.
Similar to the results [17] found in case of the ground
state resonance (E(2)0 → 0−), we expect a set of three-
body bound states associated to each heavy-light bound
state resonance (E(2)r → 0−) characterized by the index r.
To distinguish between these sets, we introduce the no-
tation Er,n for the energy of the n-th three-body bound
state |ψr,n〉 within the r-th set. As shown in the fol-
lowing, we indicate with even and odd values of n the
case of the two heavy particles being bosons or fermions,
respectively.
In order to search for strong universality we compare
the energies and wave functions of three-body bound
states for r > 0 with the corresponding ones for r = 0.
Due to the reported [17] weak universality for r = 0, we
use the three-body binding energies and wave functions
for the heavy-light contact interaction as representatives
for this set of states. We therefore base our analysis on
the following two quantities:









denotes the ratio of the n-th three-body bound state en-
ergy Er,n within the r-th set to the energy E(2)r of the
resonant heavy-light bound state. Moreover, we define
the ratio
ε?n ≡
E0,n∣∣∣E(2)0 ∣∣∣ . (9)
between the corresponding three- and two-body energies
found for the special case of a contact heavy-light inter-





defined as the overlap between a three-body bound-state
|ψr,n〉 for a finite-range heavy-light potential, and the
corresponding state |ψ?n〉 for the contact interaction.
D. Methods
We solve Eq. (6) within the framework of the Fad-
deev equations [38, 39]. There we can easily incorporate
the necessary boundary conditions to extract three-body
bound states embedded in a continuum. We show in Ap-
pendix A that the wave functions ψ(k23, p1) of the three-
body bound states in momentum representation are given
by the superposition




















of the Faddeev component φ(2) evaluated at different ar-
guments. Here, k23 denotes the relative momentum be-
tween particles 2 and 3, whereas p1 is the momentum of
particle 1 relative to the center of mass of particles 2 and
3. Moreover, the plus and minus signs in Eq. (11) distin-
guish the case of the two heavy particles being bosons or
4
fermions. This is evident from considering the exchange
of the two heavy particles being described by k23 → −k23
which leads to the exchange symmetry
ψ(−k23, p1) = ±ψ(k23, p1) (12)
for the total three-body wave function.
The separable expansion [39–41] simplifies the Faddeev
equations (see Appendix A 3) and allows to analyze the
significance of deeply bound two-body states. We there-
fore expand the Faddeev component






in terms of products of functions depending on only one
momentum variable. Here, Ep ≡ E − αxαy p2/2 and the








′, Ep) = ην(Ep)gν(k, Ep),
(14)
where




is the momentum representation of the heavy-light po-
tential v(ξ), Eq. (2). For the functions ϕν we derive in
Appendix A 3 the system of coupled integral equations





















which yields the same energy solutions E as the
Schrödinger equation (6).
The three-body bound state energy E enters the ker-
nels in Eq. (16) as a parameter, hence the solutions Er,n
are obtained by varying over a suitable region Er,n < E(2)r
and requiring eigenvalue unity (minus unity) for bosons
(fermions). The functions ϕν are obtained as the corre-
sponding eigenvectors.
Equation (16) is a system of coupled homogeneous
Fredholm integral equations of the second kind. We solve
it numerically by truncating the infinite number of expan-
sion terms in Eqs. (13) and (16) to a finite value νmax,
and approximating the continuous interval for p and q by
a discrete grid. This reduces Eq. (16) to a finite system
of coupled matrix eigenvalue problems. In our analysis
νmax = 10 has yielded sufficient convergence.
III. RESULTS
In this section we present the energies and wave func-
tions of three-body bound states associated to the two-
body resonance obtained in the limit E(2)r → 0− for r = 1
and r = 2. For this purpose we have solved Eq. (16)
numerically for two finite-range interaction potentials of
shape fL, Eq. (3), and fG, Eq. (4). By varying the mag-
nitude v0 of the potential, we can tune the heavy-light
subsystems to a particular resonance.
Changing the mass ratio between heavy and light
particles, directly influences the number of three-body
bound states [17, 28]. In the following we choose a mass
ratio of α = M/m = 20 for which there is a total of six
three-body bound states associated to the ground-state
heavy-light resonance, three each for the case of bosonic
and fermionic heavy particles. In the next subsections
we show that the number of respective three-body bound
states in one set remains the same near an excited-state
heavy-light resonance.
A. Energy spectrum
We start by analyzing the universality in the energy
spectrum of the three-body system. In Fig. 2 we present
the relative deviation ∆εr,n, Eq. (7), between the energy
ratio εr,n, Eq. (8), obtained in the case of a finite-range
heavy-light interaction and the energy ratio ε?n, Eq. (9),
for a zero-range heavy-light interaction, Eq. (5), as a
function of the two-body binding energy E(2)r . Through-
out the subfigures we indicate by filled red and empty
blue symbols the results for an interaction of shape fL,
Eq. (3), and fG, Eq. (4), respectively. The top row
shows ∆ε1,n near the first excited heavy-light resonance,
E(2)1 → 0−, and the bottom row ∆ε2,n for the resonance
of the second excited state, E(2)2 → 0−. The left and right
columns display the case of two heavy bosons (n = 0, 2, 4)
or fermions (n = 1, 3, 5), respectively.
First, we discuss the weak universality. For both res-
onances (r = 1 and r = 2) and all three-body bound
states (n = 0 . . . 5), the filled red and empty blue data
sets are very close to each other. As they represent the
results for the two different finite-range potentials, they
therefore indicate weak universality.
Strong universality can be analyzed by comparing the
different resonances. No large difference between the re-
sults for r = 1 and r = 2 is visible. Moreover, as the
relative deviations ∆εr,n are decreasing strictly monoton-
ically towards zero, the three-body binding energies for
both excited-state resonances converge towards the ones
found for the contact interaction and r = 0. This sug-
gests even strong universality in terms of the three-body
binding energies.
We can further analyze the universal behavior for dif-
ferent excited three-body states characterized by the in-
dex n. In the case of fermions (odd n) the relative devi-
ation of εr,n from ε
?
n is much smaller and decreases much
faster than in the case of bosons (even n), as indicated
by the different range of the vertical axes. The difference
is several orders of magnitude. This striking difference
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FIG. 2. Relative deviation ∆εr,n, Eq. (7), of the energy ratio εr,n, Eq. (8), from the energy ratio ε
?
n, Eq. (9), as a function
of the two-body binding energy E(2)r . Here we present the results for the first, r = 1, (top row) and second, r = 2, (bottom
row) excited-state resonance. The left and right columns distinguish between the case of two heavy bosons and two heavy
fermions. The results are shown for finite-range potentials of shape fL, Eq. (3), (filled red symbols) and fG, Eq. (4), (empty
blue symbols). For a mass ratio of M/m = 20 there are six three-body bound states associated to the individual heavy-light
resonances, three each for the case of bosons or fermions. The results for the two finite-range potentials are almost identical.
Tuning the system closer to the two-body resonance, that is E(2)r → 0−, we see that in all cases the deviation ∆εr,n decreases
strictly monotonically. No significant difference is observed between the results for the two excited-state resonances r = 1 and
r = 2. For fermions, ∆εr,n decreases much faster for E(2)r → 0− in comparison to bosons, as indicated by the different range of
the vertical axes.
in the universal behavior is a pure three-body effect due
to the fact that the property of the two heavy particles
being bosons or fermions does not change the heavy-light
two-body problem. Finally, we observe a smaller devia-
tion from the contact interaction for states with larger
index n.
A direct comparison of the energy ratios εr,n, Eq. (8),
close to the particular resonances with
∣∣∣E(2)r ∣∣∣ = 10−9 is
displayed in Fig. 3. The results for (a) bosonic and (b)
fermionic heavy particles are shown in separate subfig-
ures. Each subfigure contains three vertical axes show-
ing εr,n for each resonance. We indicate by solid red and
dashed blue lines the results for the finite-range interac-
tions of shape fL, Eq. (3), and fG, Eq. (4), respectively.
The limiting ratios ε?n, Eq. (9), depicted by black sym-
bols and obtained for a contact heavy-light interaction
and the mass ratio M/m = 20 are listed in Table I. Due
to the scale invariant nature of the delta-potential, they
are independent of the heavy-light binding energy.
Since all three-body binding energies associated with
the weakly bound heavy-light state lie below the cor-
responding two-body threshold, all ratios are smaller
6
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FIG. 3. Comparison of the energy ratios εr,n, Eq. (8), for the different resonances r = 0, r = 1 and r = 2 with
∣∣∣E(2)r ∣∣∣ = 10−9.
We distinguish between three-body systems with (a) two identical bosons and (b) two identical fermions. In both cases the
three vertical axes show the results for the different heavy-light resonances, as indicated by the top label. Solid red and dashed
blue lines indicate the results for the finite-range interactions of shape fL, Eq. (3), and fG, Eq. (4), respectively. In addition,
the results for the contact interaction of shape fδ, Eq. (5), are displayed by black symbols.
TABLE I. Energy ratios ε?n, Eq. (9), for the two-body contact








than −1. The weak universality is indicated by the fact
that within each resonance the same energy ratios are
achieved for the different interactions as evident by com-
paring the dashed blue and the corresponding solid red
lines. Indication for strong universality, that is the same
ratios are found across all resonances, is clearly visible in
the fermionic case by comparing the corresponding en-
ergies for the different resonances. For the bosonic case
and
∣∣∣E(2)r ∣∣∣ = 10−9, the energy ratios for r = 1 and r = 2
have not yet reached the ones found for r = 0. However,
we note that the discrepancy crucially depends on the
number n of the respective three-body state.
B. Wave functions
Having found indication of strong universality in the
three-body binding energies, we turn now to the analysis
in terms of the corresponding three-body wave functions.
Since the wave functions carry the full information about
a quantum state, we expect to obtain a deeper insight
into three-body universality from their study. For this
purpose we compare the three-body wave functions for
the two finite-range potentials of shape fL, Eq. (3), and
fG, Eq. (4), to the ones resulting from a contact heavy-
light interaction with fδ, Eq. (5), by means of the fidelity
Fr,n defined by Eq. (10).
In Fig. 4 we present the fidelity Fr,n as a function
of the two-body binding energy E(2)r . Throughout the
subfigures we indicate by filled red and empty blue sym-
bols the fidelities for a heavy-light interaction of shape
fL, Eq. (3), and fG, Eq. (4), respectively. Analogous
to Fig. 2, the top row shows the results for E(2)1 → 0−,
and the bottom row for E(2)2 → 0−. The left and right
columns display the case of two heavy bosons (n = 0, 2, 4)
or fermions (n = 1, 3, 5), respectively.
We first discuss weak universality. Similar to the ener-
gies, the fidelities for the two different finite-range heavy-
light interactions are very close to each other and thus
suggest weak universality.
Next, we turn to a discussion of the strong universality.
In contrast to the results for the energies, which suggest
strong universality, we observe that the fidelities for the
two excited-state heavy-light resonances are fundamen-
tally different. For r = 1 (top row) the fidelities are far
below unity, whereas for r = 2 (bottom row) the values
are increasing and approaching unity. A fidelity of unity
indicates that the two wave functions are identical. On
the other hand a vanishing fidelity indicates that the two
wave functions ψr,n and ψ
?
n are orthogonal. Since at least
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FIG. 4. Fidelity Fr,n, Eq. (10), as a function of the two-body binding energy E(2)r . We focus here on the excited-state resonances
r = 1 (top row) and r = 2 (bottom row). The left and right columns distinguish between the case of two heavy bosons and two
heavy fermions. The fidelities are presented for finite-range potentials of shape fL, Eq. (3) (filled red symbols) and fG, Eq.
(4) (empty blue symbols). For a mass ratio of M/m = 20 there are six three-body bound states associated to the individual
heavy-light resonances, three each for the case of bosons or fermions. The results for the two finite-range potentials are very
close to each other. For r = 1 the fidelities are orders of magnitude below unity, whereas for r = 2 they are close to unity and
strictly monotonically increasing towards this limit value for E(2)r → 0−. In the latter case the fidelities for fermions are much
higher and converging faster to unity in comparison to the ones obtained for bosons.
for one resonance (r = 1) the results differ compared to
the other resonances, no strong universality is present.
Nevertheless, we emphasize that for r = 2 the fidelity
behaves similar to the case of the ground-state resonance
(r = 0) [17]. However, the limit value for E(2)r → 0− is
reached much slower compared to the results for r = 0.
We recall that both r = 2 and r = 0 correspond to a
symmetric state on resonance in the heavy-light subsys-
tem.
For r = 1 no clear dependence of the fidelities F1,n
on n is visibile. However, for r = 2, the fidelities F2,n
are larger for fermionic heavy particles (odd n) than for
bosonic ones (even n) and the limit value for E(2)2 → 0−
is reached faster. This is in accordance with the results
for the energies shown in Fig. 2.
In order to reinforce our results, we display contour-
plots of the wave functions in Fig. 5. We restrict our-
selves here to the potential shape fG, Eq. (4), of the
heavy-light interaction and to the most deeply bound
states for the case of bosons (n = 0) and fermions
(n = 1). The wave functions are displayed in momen-
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FIG. 5. Contour plots of the normalized three-body wave functions ψr,n(K23, P1) in the space spanned by the scaled momenta,
Eq. (17), as obtained for the heavy-light interaction of shape fG, Eq. (4). The rows distinguish between the different two-body
resonances, r = 0 (top), r = 1 (middle), r = 2 (bottom). The diagrams are split into two halves, corresponding to (a) bosons
(n = 0) and (b) fermions (n = 1). Each half is split again into two columns, the left column in each half shows the case of∣∣∣E(2)r ∣∣∣ = 10−3, and the right column the case of ∣∣∣E(2)r ∣∣∣ = 10−7. The contours where the wave functions vanish are highlighted









scaled by the two-body energy E(2)r of the corresponding
resonance.
The three rows distinguish between the two-body res-
onances, r = 0 (top), r = 1 (middle), r = 2 (bottom).
The diagrams are split into two halves, the left one (a)
corresponds to bosons (n = 0) whereas the right one
(b) corresponds to fermions (n = 1). Each half is split
again into two columns, the left column in each half dis-
plays the wave functions for the two-body binding energy∣∣∣E(2)r ∣∣∣ = 10−3, and the right column for ∣∣∣E(2)r ∣∣∣ = 10−7.
The contours of zero value for the wave functions are
highlighted by black dashed lines.
For the ground-state resonance with r = 0 (top row)
the three-body wave functions are not visibly affected by
changing
∣∣∣E(2)0 ∣∣∣ below 10−3. This is because they have
already reached the scale-invariant regime [17].
Next, we consider the resonance r = 1. As presented
in Fig. 5 the corresponding three-body wave functions
(middle row) look fundamentally different from those ob-
tained for the ground-state resonance r = 0 (top row).
This result is true for both bosons and fermions. More-
over, it is in agreement with the low values of the cor-
responding fidelities displayed in Fig. 4 (top row). For
the same reason the fidelities are almost constant as a
function of E(2)r .
Finally, we turn to a discussion of the excited-state
resonance with r = 2, for which the three-body wave
functions are presented in Fig. 5 (bottom row). For
both bosonic and fermionic heavy particles, these wave
functions look similar to those of the ground-state reso-
nance (top row) and they become even more similar when
E(2)r is decreased. However, their agreement is stronger
for fermionic wave functions than for bosonic ones. This
behavior is in line with the fidelities increasing towards
unity as presented in Fig. 4 (bottom row). There, the
results for fermions, shown in Fig. 4 (d), display a better
9
convergence than the ones for bosons, displayed in Fig.
4 (c).
The property of the two heavy particles being bosons
or fermions can be identified for all resonances from the
different symmetry of the wave functions with respect to
the line K23 = 0, as summarized by Eq. (12). The differ-
ence in the wave functions having an extremum (bosons)
or a zero (fermions) at the line K23 = 0 might explain
the faster convergence of the energies and fidelities for
the fermionic case in comparison to the bosonic one.
IV. INFLUENCE OF DEEPLY BOUND
TWO-BODY STATES ON THE THREE-BODY
UNIVERSALITY
In the preceding section we have found universality in
the three-body system, when the heavy-light subsystems
are tuned towards an excited-state resonance. A natural
question therefore arises whether the universal behavior
is solely determined by the resonant state in the heavy-
light subsystems.
In order to gain insight into this question we ana-
lyze in this section the influence of deeply bound heavy-
light states on the universality in the three-body system.
These deeply bound states have a nonzero binding energy
and are naturally implied when the heavy-light subsys-
tems are tuned close to an excited-state resonance. We
focus our attention here on the energy ratios εr,n, Eq.
(8).
The separable expansion [39, 40], outlined in Appendix
A 3, is well suited for this analysis because it relates each
term in Eq. (13) with ν ≤ r to a bound state in the
heavy-light subsystem, provided the energy arguments
coincide with the energy of the respective two-body state.
Indeed, the terms with ν < r correspond to deeply bound
heavy-light states, and ν = r describes the one close to
the resonance. Thus, the influence of the deeply bound
two-body states on the universality of three-body bound
states associated to a particular resonance r can be tested
by manually including and excluding different terms with
ν < r.
Here we consider as an example the resonance r = 2
where there are two (ν = 0 and ν = 1) deeply bound
states in the heavy-light system. Moreover, the fermionic
case (n = 1) is chosen because of its faster convergence
in the limit of vanishing two-body binding energy E(2)r
compared to the bosonic case. In Fig. 6 we illustrate the
influence of the deeply bound states on the energy ratio
ε̃r,n, which converges against εr,n, Eq. (8), provided that
all expansion terms are included in Eqs. (13) and (16).
For this purpose we take into account different combi-
nations of expansion terms as indicated by the legend.
Filled symbols mark the results for an interaction poten-
tial of shape fL, Eq. (3), and empty ones for the shape
fG, Eq. (4). We consider four different combinations:
(i) (ν = 0, 1, 2; red dots) If both deeply bound two-
body states and the nearly resonant one are included, the













8 = 0; 1; 2 (L) 8 = 0; 2 (L) 8 = 1; 2 (L) 8 = 2 (L)
8 = 0; 1; 2 (G) 8 = 0; 2 (G) 8 = 1; 2 (G) 8 = 2 (G)
contact
FIG. 6. Ratio ε̃2,1 of three-body binding energy to E(2)2 for
r = 2, n = 1 and different numbers of separable terms in Eqs.
(13) and (16) as a function of E(2)2 . We manually include or
exclude different expansion terms as indicated in the legend.
Filled symbols display the results for the two-body interaction
of shape fL, Eq. (3), and empty symbols for the shape fG,
Eq. (4), accordingly. The exact result for the energy ratio
ε2,1 in the limit E(2)2 → 0− is indicated by a black line.
ratio ε̃2,1 converges to the limit value ε
?
1 for the contact
interaction (black line).
(ii) (ν = 0, 2; yellow squares) Excluding the first ex-
cited heavy-light bound state (ν = 1) from the analysis
has no observable impact on the limit value of the energy
ratio.
(iii) (ν = 1, 2; purple diamonds) When excluding in-
stead the heavy-light ground state, described by the term
ν = 0, the energy ratio converges to a limit value that is
different from ε?1 of the contact interaction.
(iv) (ν = 2; green triangles) The exclusion of both
deeply bound states with ν = 0 and ν = 1 leads to the
same (incorrect) limit value as for (iii).
As evident from Fig. 6 we observe that for all com-
binations (i)-(iv) the limit values for the two finite-rage
potentials of shape fL and fG coincide. This interaction-
independent behavior is not visibly influenced by the
presence or absence of the deeply bound two-body states.
In addition, it is the origin for the weak universality of
the energy ratios εr,n, Eq. (8), presented in section III.
On the other hand, taking into account only the term
ν = r = 2, corresponding to the nearly resonant bound
state of the heavy-light subsystem, is not sufficient to
achieve an agreement with the results for the ground-
state two-body resonance. This indicates that the strong
universality found in section III for the energy ratio ε2,n
crucially depends on the presence of the deeply bound
two-body states and cannot be explained by the resonant
state ν = r = 2 alone. However, it seems that not all
deeply bound states are equally relevant. Here, it is the
term ν = 0 that is important, whereas the term ν = 1
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has negligible effect on ε̃2,1 in the limit E(2)2 → 0−.
V. CONCLUSION AND OUTLOOK
In this article we have investigated the universality
of a quantum mechanical heavy-heavy-light system con-
strained to one dimension, provided the heavy-light sub-
system is tuned to an excited-state resonance. In compar-
ison to the case of the ground-state resonance considered
in Ref. [17], the situation here differs in two main points:
(i) the wave function of the resonant heavy-light bound
state has at least one node and its symmetry can change
from symmetric to antisymmetric, and (ii) the heavy-
light subsystems now contain additional deeply bound
states. We have analyzed both aspects by solving the
Faddeev equations numerically for different finite-range
potentials. Moreover, we have compared the resulting
energies and wave functions to the corresponding results
of a contact interaction.
Weak universality describes the independence of a
three-body quantity on the two-body interaction po-
tential. Since two different finite-range potentials have
yielded the same three-body binding energies and wave
functions, we have found an indication of weak univer-
sality for these two quantities. In particular, we have
demonstrated this behavior for the resonances corre-
sponding to the first and second excited bound state in
the heavy-light subsystem. For the ground-state reso-
nance, weak universality has already been proven in Ref.
[17].
According to our definition, strong universality re-
quires the same interaction-independent three-body re-
sults for all heavy-light resonances. In terms of the three-
body binding energies, we have observed the same univer-
sal behavior across the three resonances, r = 0, r = 1 and
r = 2. This suggests strong universality in terms of the
three-body binding energies, as no fundamental differ-
ence is expected for resonances of higher excited (r > 2)
heavy-light states. In terms of the corresponding three-
body wave functions we have observed the absence of
strong universality. However, the three-body wave func-
tions for r = 0 and r = 2, which both imply a symmetric
two-body wave function, display again great similarities.
Moreover, we have observed that three-body systems
with two heavy fermionic particles display weak and
strong universality in a broader region around the two-
body resonance compared to the case of two bosonic
heavy particles. This is true for the three-body binding
energies and the corresponding wave functions, as well
as for both heavy-light resonances which have been in-
vestigated in this article. The property of the two heavy
particles being bosons or fermions does not affect the
properties of the heavy-light subsystems. Consequently,
the difference in the universal behavior of the three-body
system is a pure three-body effect.
Using the separable expansion we have further studied
the influence of deeply bound two-body states on the uni-
versal behavior of the three-body binding energies near
an excited-state heavy-light resonance. Artificially ex-
cluding particular combinations of these states has re-
vealed that the strong universality cannot be explained
solely by the resonant state in the heavy-light subsys-
tems. On the other hand, an interaction-independent be-
havior which is the origin for weak universality has been
observed for all tested combinations of deeply-bound
states in the expansion. However, it appears that not
all deeply bound two-body states are equally important
for the universal behavior of the three-body system.
Based on the analysis presented in this article we are
convinced that the three-body system near an excited-
state two-body resonance displays universal behavior.
The difference between energies showing strong univer-
sality and the wave functions showing only weak univer-
sality needs additional analysis. However, it is likely that
the same universal behavior emerges for both energies
and wave functions and (i) all even (r = 0, 2, 4, . . .) and
(ii) all odd (r = 1, 3, 5, . . .) two-body resonances. The un-
derlying reason between the different universal behavior
of the three-body system with two heavy fermions com-
pared to the case with two heavy bosons remains another
aspect to be explored. Unfortunately these questions go
beyond the scope of the present article and are therefore
postponed to a future publication.
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Appendix A: Methods
In this appendix we derive the integral equation, Eq.
(16), corresponding to the three-body Schrödinger equa-
tion, Eq. (6) within the Faddeev approach [38, 39] and
the separable expansion [39–41]. We consider the three-
body system as introduced in section II B, where the light
particle of mass m is called particle 1, and particle 2 and
3 are the two identical heavy ones of mass M .
1. The Faddeev equations
We start by considering the three-body Schrödinger
equation (6) in representation-free form
(H0 + V31 + V12) |ψ〉 = E|ψ〉. (A1)
Here, H0 is the kinetic energy operator without the
center-of-mass motion, whereas V31 and V12 describe the
pair-interactions between particles 3 and 1, and between
particles 1 and 2, respectively.
According to the Faddeev approach [38, 39], the so-
lution of the Schrödinger equation (A1) is given by the
superposition
|ψ〉 ≡ |φ(2)〉+ |φ(3)〉 (A2)
of |φ(2)〉 and |φ(3)〉, related to the so-called Faddeev com-
ponents
|Φ(2)〉 ≡ G−10 |φ(2)〉 (A3a)
|Φ(3)〉 ≡ G−10 |φ(3)〉. (A3b)
Here, G0 = (E −H0)−1 is the three-body Green function
corresponding to H0. The Faddeev components obey the
Faddeev equations
|Φ(2)〉 = T31G0 |Φ(3)〉 (A4a)
|Φ(3)〉 = T12G0 |Φ(2)〉, (A4b)
that is a system of two coupled integral equations.
The matrices T31, T12 are the T−matrices of the three-
body system if only the pair-interaction V31 between par-
ticle 3 and 1, or V12 between particle 1 and 2 respectively,
is present. Hence, T31 and T12 fulfill the Lippmann-
Schwinger equation [39]
T31 = V31 + V31G0T31 (A5a)
T12 = V12 + V12G0T12. (A5b)
2. Momentum representation
Three-body systems can be described in three differ-
ent arrangements of relative motions, corresponding to
three sets of so-called Jacobi momenta [39]. For {i, j, l} =






the relative momentum between the particles i and j,
whereas
pl ≡
(mi +mj)kl −ml(ki + kj)
mi +mj +ml
(A7)
is the momentum of particle l relative to the center-of-
mass of the pair of particles i, j. The momentum and
mass of each particle are denoted by ki and mi respec-
tively, with i = 1, 2, 3.
The relations between the Jacobi momenta read
































The system of Faddeev equations (A4a) and (A4b) can
be reduced to a single equation by making use of the ex-
change symmetry between the two identical heavy parti-
cles in the three-body system. The exchange of particles
2 and 3 is most easily described in the set of Jacobi mo-
menta k23 and p1 by the transformation k23 → −k23.
From Eqs. (A8) and (A9) we deduce
k31(−k23, p1) = −k12(k23, p1) (A12a)
p2(−k23, p1) = p3(k23, p1). (A12b)
We distinguish two cases: the identical particles 2 and
3 are either bosons or fermions. Depending on this prop-
erty, the total three-body wave function ψ(−k23, p1) =
±ψ(k23, p1) has to preserve (bosons) or flip (fermions)
its sign under exchange of the two particles. This fact
can be expressed in terms of the Faddeev components
via Eq. (A2) which yields
Φ(2)(−k12, p3) + Φ(3)(−k31, p2) =
±
[





after the application of G−10 .
As a result, we can relate the two Faddeev components
to each other
Φ(3)(k12, p3) = ±Φ(2)(−k12, p3) (A14a)
Φ(3)(k31, p2) = ±Φ(2)(−k31, p2). (A14b)
With help of Eqs. (A8) and (A9) this allows us to cast
the total wave function in the form





















Since Φ(3) can be obtained from Φ(2) via Eq. (A14), it
is sufficient to only obtain the Faddeev component Φ(2)
from its Faddeev equation (A4a). In momentum repre-
sentation this equation reads










× 〈k31, p2|T31(E)|k′31, p′2〉 〈k′31, p′2|G0(E)|k′′31, p′′2〉
× Φ(2) [−k12(k′′31, p′′2), p3(k′′31, p′′2)] . (A16)
Using the momentum representation of the free-
particle three-body Green function [39, 42]
〈k′, p′|G0(E)|k′′, p′′〉 = (2π)2
δ(k′ − k′′) δ(p′ − p′′)





as well as the relation of the three-body T -matrix to the
off-shell two-body t-matrix [39, 42]
〈k, p|T31(E)|k′, p′〉 = 2π δ(p−p′) t
(







allows us to perform the integrations over p′2, k
′′
31 and
p′′2 in Eq. (A16). Expressing further via Eq. (A10)
the momenta −k12 and p3 in terms of k31 and p2 for
the arguments of Φ(2)(−k12, p3), we arrive at the integral
equation






k, k′, E − 12αxαyp
2
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Here we have omitted the indices of the momenta k31 and
p2.
By introducing the change of variables, k′ ≡ q+ α1+αp,
we cast Eq. (A19) into the form























eliminating the dependence on p in the second argument
of Φ(2) inside the integral.
3. Separable expansion
We now transform Eq. (A20) into the form of a Fred-
holm integral equation of the second kind. For most po-
tentials, the off-shell t-matrix t(k, k′, E) appearing in Eq.
(A20) cannot be written as a product of functions of k
or k′ only. However, it is possible to expand the t-matrix
into a sum of separable products [39–41]
t(k, k′, E) ≡
∞∑
ν=1
τν(E)gν(k, E)gν(k′, E). (A21)
Here, the functions gν and τν ≡ −ην/(1− ην) are deter-







′, E) = ην(E)gν(k, E) (A22)
with the momentum representation




of the heavy-light potential v(ξ) = v0f(ξ).
By inserting Eq. (A21) into Eq. (A20), we arrive at
the expansion
Φ(2)(k, p) ≡ ±
∞∑
ν=0
gν(k, Ep)τν(Ep)ϕν(p, E) (A24)


















Finally, by substituting Eq. (A24) into Eq. (A25), we
derive a system of coupled integral equations





















in only a single variable for the functions ϕν(p, E).
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